Abstract. We propose a generalization of the conjecture of Mazur-TateTeitelbaum (predicting an exact shape of the p-adic L-invariant of rational Tate curves (which is now a theorem of Greenberg-Stevens) to the symmetric powers of motivic two dimensional odd Galois representations over totally real fields. At p-adic places where the motive is multiplicative, the L-invariant is conjectured to have the same shape as predicted by them. Then we prove our conjecture assuming a precise ring theoretic structure of the universal infinitesimal Galois deformation ring of the symmetric power.
that ρ 0 has values in GL 2 (W ) (up to isomorphisms), since all maximal compact subgroups of GL 2 (K) are conjugate to GL 2 (W ) inside GL 2 (K).
Fixing an embedding of the algebraic closure F into F l , we can identify the decomposition group D l ⊂ Gal(F /F ) with Gal(F l /F l ). We write I l for the inertia group of D l . We assume throughout the paper the following eight conditions: ⊗ η for a character η of D q with an inhomogeneous 1-cocycle ξ q : D q → K(1) associated to a non-unit 0 = q ∈ O q or potentially unramified (that is, unramified over a finite extension L/F q ). In the potentially unramified case, we require that the eigenvalue of the Frobenius F rob Q for primes Q|q in L be a Weil number (with absolute value N (Q) (κ−1)/2 ; purity condition). (h7) For primes over p, we order all the prime factors of p in O as {p 1 , . . ., p e } so that ρ 0 | Dp j is potentially multiplicative isomorphic to Here, for a prime l of F , ρ 0 | Gal (F l/Fl) has Tate period q ∈ F × l if ρ 0 | Gal (F l/Fl) ∼ = N ξq 0 1 ⊗ η for a Galois character η and a 1-cocycle ξ q : Gal(F l /F l ) → K(1) of an inhomogeneous form such that ξ q = lim ← −n ξ n for ξ n (σ) = (q 1/p n ) σ−1 . Write F j = F pj for the p j -adic completion of F . Put Q j = N Fj /Qp (q j ).
These conditions (except (h0)) follow if ρ 0 is associated to a nearly p-ordinary Hilbert modular eigenform of weight (κ 1 , κ 2 ) with κ 2,p − κ 1,p ≥ 1 for all p|p (and with central character unramified at p; see [B1] ) or to a polarized p-ordinary abelian variety A defined over F of GL(2)-type (that is, End(A /F ) contains a field of degree equal to dim A stable under the Rosati involution). Any geometric 2-dimensional Galois representation arising from a pure regular motive is supposed to satisfy these conditions (except for (h0)) after finite base change (potential semi-stability).
A Galois representation ρ 0 is said to have complex multiplication if there exists a nontrivial Galois character χ : Gal(F /F ) → K × such that ρ 0 ⊗ χ ∼ = ρ 0 . When ρ 0 is associated to an abelian variety or a Hilbert modular eigenform, the condition (h0) implies that the Hilbert modular eigenform and the abelian variety do not have complex multiplication. It is generally believed that the converse of this assertion is also true. If ρ 0 comes from the Tate module of an abelian variety A of GL(2)-type without complex multiplication, by a result of Serre, Faltings and Ribet (cf. [R] ), the condition (h0) holds. If one considers a compatible system of a Hilbert modular eigenform without complex multiplication, almost all members of the system satisfy the full image condition (see [D] ). In some cases of complex multiplication, the Greenberg L-invariant is studied in [HMI] Section 5.3.3. Write ρ n,0 for the symmetric n-th tensor power of ρ 0 , which is an (n + 1)-dimensional Galois representation potentially semi-stable over O. More generally, we write ρ n,m for ρ n,0 ⊗ det(ρ 0 ) −m . Write S n,m for the set of ramification primes (outside p and ∞) of ρ n,m ; so, S n,m ⊆ S 1,0 . Consider J 1 = 0 −1 1 0 . We then define J n = Sym ⊗n (J 1 ). Since t αJ 1 α = det(α)J 1 for α ∈ GL(2), we have t ρ n,0 (σ)J n ρ n,0 (σ) = det(ρ 0 ) n (σ)J n . Define an algebraic group G n over Z p by
with the similitude homomorphism ν : G n → G m . Then G n is a quasi-split orthogonal or symplectic group according as n is even or odd. The representation ρ n,0 of Gal(F /F ) factors through G n (K) ⊂ GL n+1 (K). Two representations ρ and ρ : G → G n (R) for a group G are isomorphic if ρ(g) = xρ (g)x −1 for x ∈ G n (R) independent of g ∈ G. If ρ is isomorphic to ρ , we write ρ ∼ = ρ . By (h0), we have (AI) ρ n,0 is absolutely irreducible as a representation into GL n+1 (K). for i = 0, 1, . . ., n are distinct by (DS), the deformation problem specified by (K n 1-4) is representable by a universal couple (R n , ρ n ) (see [DGH] for representability). In other words, for any ρ A as above, there exists a unique K-algebra homomorphism ϕ : R n → A such that ϕ • ρ n ≈ ρ A . Here ρ ≈ ρ if and only if ρ = xρx −1 for x ∈ G n (A) whose image in G n (A/m A ) is trivial. The representation ρ is said to be strictly equivalent to ρ if ρ ≈ ρ . Often we fix n > 0 and write simply (R, ρ) for (R n , ρ n ).
Write now −1 restricted to I p factors through Γ p , giving rise to an algebra structure of R n over W [ [Γ p ]] . Take the product Γ = p|p Γ n+1 p of n + 1 copies of Γ p over all prime factors p of p in F . We write general elements of Γ as x = (x j,p ) j,p with x j,p in the j-th component Γ p in Γ (j = 0, 1, . . ., n). Consider the character δ : Γ → R × n given by δ(x) = n j=0 p|p δ j,p (x j,p 
.
When n = 1, we write β i = δ 0,pi , α i = δ 1,pi and T i = X 1,pi . If n = 1 and F = Q, this conjecture: R 1 = K[ [T 1 ]] follows from Serre's modularity conjecture (almost proven in [KhW] ) combined with Kisin's works (generalizing earlier works of Wiles, Taylor-Wiles and Skinner-Wiles) . Let ρ 0 = (ρ 0 mod m W ). Assuming potential modularity of ρ 0 (see [T] ) with additional assumptions that Im(ρ 0 ) is nonsoluble and that the semi-simplification of ρ 0 | Gal(F p /Fp ) is non-scalar for all prime p|p in F , we can prove this conjecture for n = 1 similarly to the proof of [H07b] Proposition 3.1 where ρ 0 associated to an elliptic curve is treated.
Since the Galois group is compact, we may assume that ρ 0 has values in the maximal compact subgroup GL 2 (W ) of GL 2 (K) for the p-adic integer ring W of K. Write F = W/m W for the residue field of W (which is a finite filed of ppower elements). Then we can think of mod p representation ρ 0 = (ρ 0 mod m W ) : Gal(F /F ) → GL 2 (F) for the maximal ideal m W of W . Supposing Hilbert modularity of ρ 0 over F and the following two conditions:
the conjecture for n = 1 follows from a result of Fujiwara (see [F] and [F1] Theorem 3.1) as described in [HMI] Proposition 3.78 (see also Skinner-Wiles [SW] ).
We suppose to have a rank 2 motive M over F with a coefficient field giving rise to the Galois representation ρ 0 (this assumption is almost known to be true [B] under the Hilbert modularity of ρ 0 and follows from the Fontaine-Mazur conjecture in general). We will prove in this paper (for Greenberg's L-invariant) that Conjecture 0.1 implies for ρ 2m,m the following generalization of a conjecture of Mazur-Tate-Teitelbaum [MTT] : 
We have L(m) = 1 if b = e, and the value L(1) when b < e is given by 
We will specify L(m) for m > 1 in Definition 1.10 assuming Conjecture 0.1. There is a wild guess that L(m) might be independent of m only depending on ρ 0 . We hope to discuss this matter in our future work.
The link between the infinitesimal deformation ring (or its tangent space) and the L-invariant as above was first discovered by Greenberg-Stevens in their work [GS] (of computing the analytic L-invariant of a Tate curve over Q; so, it is the case of F = Q and n = 1 in our two conjectures as above). When F = Q and ρ 0 comes from an abelian variety with multiplicative reduction at p, Conjecture 0.2 basically follows from the argument of [Gr] page 170 for the L-invariant of Greenberg for the central critical values (when n is odd) and for near central critical values (when n is even), though only the case of Tate elliptic curves is treated there. Although Greenberg's proof might also be generalized to our setting, our point of view is different from [Gr] , relating the above conjecture to Conjecture 0.1, and indeed, if one is able to generalize Greenberg's proof to cover the above conjecture, it might supply us with a proof of Conjecture 0.1 (we hope to discuss this point in our future work). The analytic L-invariant of p-adic analytic L-functions (when n = 1) of Tate curves over general F has been studied very recently by C.-P. Mok [M] following the method of [GS] , and his result confirms the conjecture in some special cases.
The motive Sym
−m is critical at 1 if and only if 0 ≤ m < n and either n is odd or n is even with odd m. Here are some additional remarks:
(1) When n = 2m with even m, the motive Sym
is not critical at s = 1; so, the situation is drastically different (and in such a case, we do not make any conjecture; see [H00] Examples 2.7 and 2.8).
(2) The above conjecture applies to arithmetic and analytic p-adic L-functions. We let σ ∈ Gal(F /F ) act on the Lie algebra of (the derived group of) G n/K
by conjugation: x → σx = ρ n,0 (σ)xρ n,0 (σ) −1 . This representation Ad(ρ n,0 ) is isomorphic to 0<j≤n,j:odd ρ 2j,j and is called the adjoint representation of ρ n,0 . By using a canonical isomorphism between the tangent space of Spf(R n ) and a certain Selmer group of Ad(ρ n,0 ), we get All the assumptions in [Gr] made to define the invariant can be verified under Conjecture 0.1. This theorem for the Tate module of an elliptic curve semi-stable over O is Theorem 0.3 of [H07b] . We will prove this theorem as Theorem 1.13 later.
Though L(s, Ind
[Gr] (6) or [H06] Conjecture 0.1) to define the corresponding p-adic L-functions could be different (see [H07a] (1.1)). Thus the L(ρ) and L(Ind Q F ρ) could be slightly different. As in [H07a] (1.1), we have the following relation
where
. In addition to Theorem 0.3, assuming Conjecture 2.2 finer than Conjecture 0.1 (with some extra conditions), we will prove an exact limit formula (see Corollary 3.2) conjectured by Greenberg:
. Though a formula almost identical to (0.2) (covering more general cases) has been proven under some (mild, believable but possibly restrictive) hypothesis by Greenberg as [Gr] Proposition 4, our method of proof is different via Galois deformation theory (and infinitesimal p-adic calculus).
Since this paper contains many conjectural statements, we briefly spell out the key statements in the paper and the logical relations among them. Here is a list of conjectural or partially conjectural statements: (a) (Conjecture 2.2). This is about the ring structure of the universal (locally cyclotomic) deformation ring over W (often proven as an "R = T " theorem identifying the deformation ring R with a Hecke algebra T ). This conjecture is the source of all the conjectures in the paper (and is stated in the language of Mazur's deformation theory of the modulo p Galois representation ρ n,0 mod m W ); (b) (Conjecture 0.1). This conjecture stated above is an infinitesimal version of Conjecture 2.2 at ρ n,0 (for deformations with coefficients in K-algebras). This conjecture seems close to the modularity statement asserting ρ n,0 is associated to a Hecke eigenform on the Langlands dual G n+1 of G n ; (c) (Lemma 1.2). We state the content of Conjecture 0.1 in the language of Selmer modules. We link first the tangent space of the deformation ring R n in Conjecture 0.1 with the direct sum of the (locally cyclotomic) Selmer groups Sel cyc F (ρ 2m,m ) for odd m with 0 < m ≤ n, and then, under Conjecture 0.1, we determine the module structure of these Selmer group; (d) (Conjecture 0.2). This is a restatement of Conjecture 0.1 in the language of L-invariant. Thus we have five key statements. We will prove: (a) ⇒ (b) under suitable assumptions (Corollary 2.7); (b) ⇒ (c) (Lemma 1.2); (b) ⇒ (d) (the above theorem); and (a) ⇒ (e) (for (n, m) = (2m, m) with odd m; Corollary 3.2).
L-invariant
We recall briefly an F -version (given in [HMI] Definition 3.85) of Greenberg's formula of the L-invariant for a general p-adic totally p-ordinary Galois representation V (of Gal(F /F )) with an exceptional zero. This definition is equivalent to the one in [Gr] if we apply it to Ind Q F V as proved in [HMI] . When V = ρ 2m,m with odd m, the definition can be outlined as follows. Under some hypothesis (particularly under the vanishing Sel F (ρ 2m,m ) = 0 which follows from Conjecture 0.1 for n = m), Greenberg found a unique subspace 
for the restriction map Res : 
up to units.
We will prove this conjecture as Corollary 3.2 under some extra assumptions. In the above conjecture, the modifying Euler factor at the p-adic places p j at which ρ 0 is potentially crystalline (j > b):
does not appear, where α j = α j (F rob pj 
up to p-adic units (as described in [MFG] 
Let M/F be a subfield of F (S) , and put
We write p for a prime of M over p and q for general primes outside p of M . We write I p and I q for the inertia subgroup in G M at p and q, respectively. We put
and
Then we define the Selmer submodule in
The classical Selmer group of V is given by Sel M (V /T ), equipped with the discrete topology. We define the "minus", the "locally cyclotomic" and the "strict" Selmer groups Sel
where I p,∞ is the inertia group of Gal (M p 
It is easy to verify that the above Selmer groups do not depend on the choice of S as long as S contains all the ramification primes of V .
where m n is the maximal ideal of R n . If we suppose Conjecture 0.1 for one odd n > 0, we have Sel F (ρ 2m,m ) = 0 for all odd m with 0 < m ≤ n and
Proof. We repeat the proof in [H07b] given for a Tate curve over F , adjusting to the more general cases treated here. Let V = Ad(ρ n,0 ). Then we have the filtration: 
n,0 can be easily checked to be an inhomogeneous 1-cocycle having values in
n,0 . Differentiating the identity:
. By the local cyclotomy conditions in (K n 2),
For q ∈ S, first suppose that ρ n,0 is potentially unramified at q. Then ρ n,0 (I q ) is a finite group. Take a finite Galois extension L/F q over which ρ n,0 is unramified. Then the inertia group I of Gal(F q /L) acts trivially on ρ n,0 , and H 1 (I q /I, V ) = 0 because I q /I is a finite group (and V is a Q p -vector space). We have the inflation-restriction exact sequence (made of
The Frobenius F rob q acts on I and its p-profinite quotient Z p (1) by conjugation; so, it acts on Z p (1) by the multiplication by Q = N (q). Restricting c ρ to I, we get a homomorphism of the p-profinite Tame inertia group c ρ :
. ., 2m) for Weil numbers α and β with |α| = |β| = Q (κ−1)/2 (by the regularity conditions in (h5) and the purity conditions in (h6)). Since |α 2m−i β i Q −(κ−1)m | = 1, the action of F rob q on Z p (1) and on V does not match; so, Res(c ρ ) = 0, which shows that c ρ is unramified at q. If ρ 0 is potentially multiplicative at q ∈ S, the unramifiedness of c ρ follows from Lemma 1.3. Thus the cohomology class
We argue in a reverse way starting with a cocycle c giving an element of Sel
Recall that the isomorphism
0<m≤n,m:odd ρ 2m,m as global Galois modules, we have Sel F (V ) ∼ = 0<m≤n,m:odd Sel F (ρ 2m,m ), and we conclude Sel F (ρ 2m,m ) = 0. Then as seen in [Gr] (see below (1.4) and Lemma 1.5), the vanishing Sel
Lemma 1.3. Let q be a prime outside p at which ρ 0 is potentially multiplicative. Then for a deformation ρ of ρ n,0 satisfying (K n 1-4), the cocycle c ρ (defined in the above proof) is unramified at q.
) for a character η, we may assume that the restriction of ρ 0 to the decomposition group D q has the form
for σ ∈ D q up to conjugation. Thus we may assume
) is a homomorphism of I q into the Lie algebra u n of the unipotent radical of the Borel subgroup of G n containing the image of I q , it factors through the tame inertia group ∼ = Z (q) (1) (here Z = :primes Z and Z (q) = Z/Z q ). By (h5), ρ n,0 ramifies at q and hence ξ q is nontrivial. The pfactor of Z (q) is of rank 1 isomorphic to Z p (1). Then ρ(I q ) is cyclic, and therefore dim K ρ(I q ) = 1 = dim K ρ n,0 (I q ). Thus the deformation ρ is constant over the inertia subgroup, and hence c ρ restricted to I q is trivial.
Write V for either the representation space of ρ n,m or that of Ad(ρ n,0 ). For each prime q ∈ S ∪ {p|p}, we put (1.3)
and Ad(ρ n,0 ) follows from the following F -version of the argument in [Gr] page 160:
For K-vector space V with Galois action as above, we have Sel
We can factor the map r as r = Res • γ for γ :
, by the long exact sequences of the above two short exact sequences, we find that the natural maps
Identify H 1 (Y ) with its image in H 1 (V ). We have
By the inflation-restriction sequence (and by (h1) and (h4)),
. We may replace V by Y in our argument, and we shall show that
2 according as V = ρ n,m or Ad(ρ n,0 )). We have the long exact sequence attached to the short one F
By the non-splitting of the short sequence,
Here
. Since Ker(δ) gives rise to the subspace spanned by extension class
, which is trivial (because q is a nonunit by (h7)).
, the assumption implies Sel F (V ) = 0. Then the Poitou-Tate exact sequence tells us the exactness of the following sequence:
It is an old theorem of Greenberg (which assumes criticality at s = 1) that
(see [Gr] Proposition 2 or [HMI] Proposition 3.82); so, we have the assertion (V). In [HMI] , Proposition 3.82 is formulated in terms of Sel Q (Ind [HMI] (3.4.11), but this does not matter because we can easily verify Sel Q (Ind Q F ?) ∼ = Sel F (?) by Shapiro's lemma (similarly to [HMI] Corollary 3.81).
Greenberg's L-invariant.
In this subsection, for simplicity, we let V = ρ 2n,n or Ad(ρ n,0 ) for odd n (so, V is critical at s = 1). We recall a little more detail of the F -version of Greenberg's definition of L(Ind Q F V ) (which is equivalent to the one given in [Gr] if we apply Greenberg's definition to Ind Q F V as explained in [HMI] 3.4.4). Let F gal p be the Galois closure of
The long exact sequence associated to the short one F 
so, the image of ι p is t-dimensional for t = t(p) (those ramified classes modulo unramified ones) and is isomorphic to F
Then by (V) in Lemma 1.5 (and Lemma 1.2), we have a unique subspace
Then by the restriction,
If a cocycle c representing an element in H F is unramified, it gives rise to an element in Sel F (V ). By the vanishing of Sel F (V ) (Lemma 1.2), this implies c = 0; so, the projection of L to the first factor p
We then define L(Ind
(with odd j, j ), and put J A = ϕ(J) for any algebra homomorphism ϕ : R → A.
The following result is a generalization of [HMI] Theorem 3.73:
In particular, L(Ind 
Indeed by (1.5) (and also
as desired.
gives rise to the order e exceptional zero of L arith (s, ρ 2n,n ) at s = 1. We have reproved the first half of the following result in [Gr] 
Further, we have L(Ind
The last assertion follows from [Gr] Proposition 3.
Factoring multiplicative L-invariants.
We factorize L(Ind Q F ρ 2n,n ) for odd n into the product of local invariants over potentially multiplicative places and the global invariant from the contribution of the potentially crystalline part. This potentially crystalline part gives L(n) for L(Ind Q F ρ 2n,n ) in Conjecture 0.2. We keep notation introduced in the previous section; so, V is either ρ 2n,n or Ad(ρ n,0 ). 
This shows the assertion.
By the above proposition, we get immediately the following fact. 
and L acting on the quotient k≤b F
Corollary 1.11. Let the notation be as above. Then we have
choosing a basis (x, y) of ρ 0 . Then the matrix expression of ρ n,0 on D p with respect the basis (
Thus we get an extension
We have the following commutative diagram of exact rows:
. This proves the desired assertion.
Here is the first main result: Theorem 1.13. Let n be an odd positive integer, and assume V = ρ 2n,n . Suppose
twisting ρ 0 by a character, we may assume that
. Write X i = X i,pj if i is odd. Define M be the ideal generated by X i for odd i = and X 2 . We fix an odd with 0 < ≤ n, and write M for M and
, and write δ i for δ i,p mod M. We consider the exact sequence of K [D p ]-modules:
Writing K(ψ) for the rank one free K-module on which D p acts by a character ψ : D p → K × , this exact sequence gives the following exact sequence
By Lemma 1.12, this sequence gives the top row of the following commutative diagram of D p -modules with exact rows:
Then by taking the induction from Gal(F p /F p ) to Gal(F p /Q p ), we get the following new commutative diagram with exact rows: 
Then the above commutative diagram yields another commutative diagram with exact rows:
By (2.3.4) of [GS1] (or Theorem 4.7 of [H07a] ), this implies
In (2.3.4) of [GS1] (or Theorem 4.7 of [H07a] ), the coefficient field of the Galois representation is assumed to be Q p , but the argument proving the theorem works well for general coefficient fields K as easily checked.
which yields by the Leibnitz formula
Since this holds for i = 0, 1, . . ., n, we get
and hence
This in turn yields
. Differentiating this identity with respect to X , we get from
Since a = 0, we have
n,0 for odd with 0 < ≤ n gives a basis of the p-part of
.
From this applied to n = 1, we get the result for L k (ρ 2,1 ). Then by induction on n, we find L k (ρ 2n,n ) = log p (Qk) ordp(Qk) as desired. Corollary 1.14. Suppose Conjecture 0.1 for all odd integer less than or equal to n, b = e and that ρ 0 is associated to an elliptic curve E /F multiplicative at all p|p. If p split totally in F/Q or E descends to a rational elliptic curve over Q, we have J Rn/P = 0 for the maximal ideal P of R n .
Proof. By the theorem of St. Etienne [BDGP] , we have log p (q j ) = 0. Then we have log p (Q j ) = 0 under the assumption that p split totally in F/Q or E descends to a rational elliptic curve over Q. Indeed, if p totally splits in F/Q, log p (Q j ) = log p (q j ) = 0, and if E descends to Q, we have log p (Q j ) = [F j : Q p ] log(q j ) = 0. Then by Lemma 1.2 and the above theorem, we have
Then by Theorem 1.6, we find that J Rn/P = 0.
Control theorems
Fix an odd prime p and odd integer n ≥ 1. Our goal in this section is to prepare control theorems for the cyclotomic "tower" of deformation rings necessary for proving an exact limit formula in Corollary 3.2. Throughout this section, we assume p n + 1 (so, p > 2) and the following four conditions (red) ρ 0 | Dl ∼ = αl * 0 βl with two characters α l and β l for all l ∈ {p|p} ∪ S n,0 .
(rm n ) ρ n ramifies at all primes in S n,0 ; (ds n,F ) the (n + 1) mod m W characters β
The condition (ds n,F ) is valid if p is sufficiently large by the regularity condition, however it does not holds for small p, for example, when K = Q p , it does not hold if p ≤ n + 2 by an obvious reason. Similarly, (ai n,F ) implies p ≥ n if K = Q p , and if Im(ρ 0 ) contains SL 2 (F), it holds for p sufficiently large.
Deformations over W and K. The following fact is easy and is quoted from [H00] Lemma 2.2:
To prove Conjecture 1.1 under some assumptions, we prepare some notation. Write ρ
. We consider the Galois representation ρ
h (we exclusively use h for the index of the h-th layer F h to avoid confusion with the p j -adic completion F j , and the completion is either denoted by
for the couple universal among the following couples (A, ρ A ) consisting of a p-adically continuous representations ρ
Here two deformations ρ and ρ as above are strictly equivalent if ρ = xρ x −1 for x ∈ G n (A) with x ≡ 1 mod m A , and in that case, we write ρ ≈ ρ . Then under (ai n,F ) and (ds n,F ) (and Lemma 2.1), the universal couple (R
exists, and R (h) n (for finite h) is a noetherian profinite local W -algebra (see [DGH] ). In other words, for any ρ A as above, there exists a unique W -algebra homomorphism ϕ :
for i = 0, 1, . . ., n, we confirm that the character 
This conjecture follows from the "R = T " theorem (under residual Hilbert modularity of ρ 0 ) when n = 1 (see [F] , [F1] ) be the deformation functor: ART W → SET S (resp. ART K → SET S) associating to each A ∈ ART W (resp. A ∈ ART K ) the set of strict equivalence classes of deformations (over Gal (F /F h 
,
, and taking inverse, we have ρ ⊗ ν
Conjugating by x * and tensoring ν n , we have
. Thus x −1 x * commutes with ρ, and hence a scalar. In other words, we have x * = εx for ε ∈ A × . Since x = (x * ) * = ε 2 x, we find that ε 2 = 1. Since x ≡ 1 mod m A , we find that ε = 1 since p > 2. Since x ≡ 1 mod m A and p > 2, we find y ∈ 1 + M n+1 (m A ) such that y * = y and y 2 = x = y * y (because y → y 2 is a bijection on 1 + M n+1 (m A ) commuting with the involution * ). Thus x = y * y. Then by ρ − * ⊗ ν n = xρx −1 = y * yρy −1 y − * , for π = yρy −1 , we have π − * ⊗ ν n = π, which implies that π ≈ ρ and π has values in G n (A). In particular, the right-hand-side is contained in the left-hand-side. The reverse inclusion is trivial; so, the lemma follows.
Again by [DGH] , Ψ (
Proof. We assume h = 0 replacing F by F h and write Φ (resp. Ψ) for Φ B 0 (resp. Ψ B 0 ). We write R for R (0) and U for U K 0 . If ρ ∼ = ρ with ρ ≡ ρ mod m A for two deformations ρ, ρ ∈ Ψ B (A), we find x ∈ GL n+1 (A) such that ρ = xρ x −1 . Reducing modulo m A , we find x = (x mod m A ) commutes with (ρ mod m A ) = ρ n,0 mod m B . By absolute irreducibility of (ρ mod m A ), x is a scalar in B. Taking z ∈ B such that x ≡ z mod m A and replacing x by z −1 x, we find that ρ ≈ ρ . Since the trace determines the isomorphism class of ρ ∈ Ψ B (A) by a result of CarayolSerre (see [MFG] Proposition 2.13), the strict equivalence class of ρ : Gal(Q/F ) → GL n+1 (A) is also determined by the trace (as long as ρ mod m A is fixed). Then the first assertion (1) for Ψ follows, and the assertion (1) for Φ follows from Lemma 2.3.
Since the proof of the three assertions (2)-(4) are similar, we only prove (4). Let R tr be the subring of R generated topologically by the trace of ρ. Then by the theory of pseudo-representation (see [N] ), we may assume that ρ has values in GL n+1 (R tr (R tr , A) . For any K-algebra homomorphism ϕ : R → A, the representation ϕ•ρ is determined by the restriction of ϕ to R tr , because the trace of a given representation ρ : Gal(Q/F ) → GL n+1 (A) determines the isomorphism class of a representation (a result of Carayol-Serre; see [MFG] Proposition 2.13). Thus Φ K (A) injects into Hom K-alg (R tr , A) . If we have a K-algebra homomorphism ϕ : R tr → A, we have a Galois representation ρ : Gal(F /F h ) → GL n+1 (A) with Tr(ρ) = ϕ • Tr(ρ) by [N] . By conjugating ρ in GL n+1 (A), we may assume that ρ mod m A = ρ mod m R . Since the trace determines the strict equivalence class by Lemma 2.3 (as long as ρ mod
, and by Lemma 2.4, we may assume (R tr , A) for all objects A in ART K , and by Yoneda's lemma (e.g., [MFG] Lemma 4.3), we see that R = R tr .
Again the proof of (5) for W and K is the same, we only prove (5) 
} of Ψ, which is equivalent to Φ by Lemmas 2.3 and 2.4. Then by Yoneda's lemma (e.g., [MFG] 
Proposition 2.6. Let P ∈ Spec(R (h) ) be the unique prime over
Proof. We assume h = 0 replacing F by F h . Then we write R = R (h) and R = R (h) . Let P : Gal(F /F ) → G n ( R P ) be the representation regarded having values in G n ( R P ). Our proof shows directly that the couple ( R P , P ) is universal; so, it also shows the pro-representability of the deformation functor Φ K defined by (K n 1-4). By Proposition 2.5 (2), R is generated topologically by the trace of , and hence R P is generated by the trace of P . Take ρ ∈ Φ K (A). Since ρ is continuous, Im(ρ) is compact. Regarding the representation space V (ρ) ∼ = A n+1 as a finite dimensional K-vector space, the compactness of Im(ρ) tells us the existence of Wlattice L in V (ρ) stable under ρ, and Im(ρ) is contained in a profinite W -subalgebra
which is contained in a profinite W -subalgebra of A. We consider the W -subalgebra A 0 ⊂ A generated topologically over W by the trace of ρ. 
as A 0 -modules, we may assume that V i is isomorphic to the graded component of the filtration induced by F i p V (ρ), and hence ρ restricted to the corresponding decomposition group has the upper triangular form specified in (W n,h 2) for such primes. We have now verified ρ is a deformation specified by (W n,h 1-4), and we have a unique W -algebra homomorphism ϕ : R → A 0 such that ϕ • ≈ ρ . Since ρ ≡ ρ n,0 mod m A0 (again by the trace identity), we find that P ⊃ Ker(ϕ), and hence ϕ induces a unique K-algebra homomorphism ϕ :
Since ϕ is determined by Tr(ρ ) = Tr(ρ), ϕ is uniquely determined by ρ (because R P is generated by the trace of P ). This shows the universality of ( R P , P ).
Corollary 2.7. Under the assumption of Proposition 2.6, Conjecture 2.2 implies Conjecture 0.1.
Proof. By Conjecture 2.2 (1)-(3), we have R P ∼ = Λ PΛ for the localization-completion Λ PΛ of Λ at P Λ = P ∩ Λ. Then Proposition 2.6 implies the corollary.
Control of deformation rings.
We write the deformation functor defined by the condition (W n,h 1-4) for F h as Φ h . We fix n and write simply (R (h) , h ) for
n ; so, we have a natural transformation Φ h → Φ k . In particular, we have a unique W -algebra homomorphism π k,h :
Thus we get a tower of rings:
For B = W or K, we write ART B for the category of artinian local B algebras with the same residue field as B. Morphisms of these categories are supposed to be continuous local B-algebra homomorphisms with respect to the adic topology of the maximal ideal (taking the identity to the identity).
We can prove the following fact in the same manner as in the proof of [HMI] Proposition 1.64:
Then the couple (R (∞) , ∞ ) prorepresents the functor Φ ∞ defined by (W n,∞ 1-4).
We write π h : R (∞) → R (h) for the projection.
Corollary 2.9. Let P ⊂ R (∞) be the prime ideal corresponding to ρ
The content of this corollary is contained in Proposition 2.6 for h finite. Even if h = ∞, the proof is the same as that of Proposition 2.6. An important point is that we need to take projective limit lim ← −h R (h) first and then take the localization completion at P (the reverse way does not work; see [HMI] Corollary 5.13).
For σ ∈ Gal(F h /F ), write σ for the lifting of σ to G 0 ; so, σ| Fh = σ. Then the strict equivalence class of ρ
is the identity map, σ is an automorphism of the W -algebra R (h) . Since σ (P ) = P in R (∞) , the action of Gal(F h /F ) on R (h) extends to the completion R (h) . Hereafter if confusion is unlikely, we simply write σ for σ , and in this way, Gal(F h /F ) and hence G 0 acts on R (h) and R (h) . We restate Corollary 3.2 in [H00] in our setting over each layer in the Z p -extension F ∞ /F : Theorem 2.10. Let P ⊂ R (∞) be the prime ideal corresponding to ρ
n ), and write R (h) for the localization-completion at P of
Though in [H00] , a potentially unramifiedness condition is assumed for the Galois representation, we can check that the proof given there is valid under our assumptions p (n + 1), (red), (ai n,F ), (rm n ) and (ds n,F ) listed at the beginning of this section. Put
Corollary 2.11. Assume Conjecture 2.2. Then the local complete algebra R (h) for h = 0, 1, . . ., ∞ is reduced with trivial nilradical.
Proof. By Conjecture 2.2, R
(h) for finite h is reduced. Then the limit
has to be reduced.
Kähler differentials as Iwasawa modules. Since α (h)
j,p | Ip factors through the cyclotomic inertia group Gal (F h,p 
In particular, we may think of the closed subalgebra Λ h of R (h) generated topologically over W by α
for all p|p and all odd j. By (W n,h 3), we have α
n topologically generated over W by δ j,p ([p, F p ]) for all p|p and all odd j. Recall J in (1.6). By Proposition 2.6, we can redefine it as an element of the total quotient ring of R (0) :
where j, j run over odd integers between 1 and n. Again we write J A for ϕ(J) for any algebra homomorphism of ϕ :
is generated by trace of 0 , π h is surjective. Then π h induces a surjective morphism:
, we consider the module of continuous 1-differentials
A, which will be written as M A h/B hereafter (for simplicity). Here the continuity of 1-differentials on R (h) over B is under the profinite topology. Similarly to the proof of [HMI] proposition 3.87 and [H00] Theorem 2.3, we confirm Proposition 2.12.
As a particular case of the above proposition, the compact module M A ∞/W is isomorphic to the Pontryagin dual Sel * F∞ (Ad(ρ n,0 ) * ) of the discrete Selmer group Sel F∞ (Ad(ρ n,0 ) * ) (because there is no difference between the locally cyclotomic Selmer group and the standard Selmer group over F ∞ ).
We have the following finer result under Conjecture 2.2: 
Proof. Since Conjecture 2.2 implies Conjecture 0.1 (by Corollary 2.7), the first assertion follows from Lemma 1.2. Regard P ∈ Spec(R h )(W ) for all h via π h,0 , and for simplicity, write
canonically. Passing to the projective limits, we get Sel *
is free of finite rank over W (by Conjecture 2.2 (1)) and is reduced (by Conjecture 2.2 (3)). Thus
The first fundamental exact sequence (cf. [CRT] Theorem 25.1) tells us
By the argument proving [HMI] Proposition 5.6, from Theorem 2.10, we find
We have again by the first fundamental exact sequence, an exact sequence
By the finiteness of
Then by the fundamental exact sequence (cf. [CRT] Thoeorem 25.1 or [HMI] Lemma 5.7 (i)), we find
Take h > 0. Since P is stable under the action of Γ/Γ ] generated by γ − (γ) (extending scalar from W to W [ε] if necessary). Then we find that, for the generator γ of Γ, the sequence
]-module of finite type (by Nakayama's lemma).
Corollary 2.14. Let the notation and the assumption be as in Theorem 2.13.
torsion A-module of finite type for finite h, and the A[[Γ]]-module M
[HMI] 1.2.4 and Proposition 3.87).
Proof. Since the proof is basically the same, we only deal with the A[[Γ]]-module M
]-module of finite type by Theorem 2.13. Thus from Nakayama's lemma, we conclude the corollary.
by Theorem 2.10. Since 
Definition 2.15. Let B be a closed W -subalgebra of R (h) , and let A be as in Corollary 2.14. We put
We start with a general argument for a closed W -subalgebra B of R (h) . Let B be the image of B in R (0) . We suppose that R (0) is a local complete intersection over B with dim R (0) = dim B and that B is a regular local ring. Take a presentation 
and Ker(c) = J h , by the snake lemma, we have an exact sequence:
Assume that J B = 0, and therefore we identify B and B. Then we get another exact sequence:
and tensoring
is exact. From this (and the second fundamental sequence: Theorem 25.2 of [CRT] ), we have the following three presentations of R (h) -modules: B[[x1 ,...,xr] ]/B ⊗ B [[x1 ,...,xr] 
Let A be as in Corollary 2.14. After tensoring A over R (h) , we write B[[x1 ,...,xr ] B[[x1 ,...,xr] 
is called the projective dimension in [CRT] page 280 in Appendix B) . (3) Let the assumption be as in (2). If
In particular, under these assumptions, the above modules in the assertion (2) and (3) do not have pseudo-null A-submodules non-null.
Here char A (X) is the characteristic ideal in A of a finite torsion A-module X (see [HMI] pages 8-9 or [BCM] VII.4.5 for the definition of char A (X), and char A (X) is written as χ(X) in [BCM] ). An A-module X of finite type is called pseudonull if dim A/a < dim A − 1 for the annihilator a of X (see [BCM] Chapter VII).
Proof. The first assertion is already proven; so, we prove (2) and (3). Applying (1) to B = Λ h , we have the following commutative diagram with exact rows:
Since ι is injective by (1), ι 1 has to be injective, and hence 
Since Spf(A) contains the point
A is a torsion Amodule. Thus tensoring A with the above sequence, it remains exact
This shows that homological dimension of M
A h/Λh is equal to 1. We have another exact sequence: 
, we must have r = s = s (see [CRT] Theorem 17.4), and R (h) is a local complete intersection over Λ h . Then the argument proving the assertion (3) (except for char A (M A 0/Λ0 ) = η · J A ) for B = Λ h is the same as in the case of B = Λ h .
As for the formula char
by the linear transformation given by the matrix J = ∂tj,p
with respect to the basis {dt j,p } j,p and {dX
Since R (0) and R (h) are local complete intersections over B = Λ h and Λ h , taking presentations 
After tensoring A over R (h) , we get another commutative diagram with exact rows
Since L A h is an A-torsion module of finite type, we find that the bottom sequence 0
For B = Λ h (assuming J A = 0) and Λ h , the assumptions for (1) are satisfied; so, 
torsion module of finite type, and we have
by Lemma 2.16. By the snake lemma, we get X 
and 
h ), and ι in (2.4) is injective. Then we have the following exact sequence:
From the commutative diagram with exact rows: 
Then the multiplicativity of characteristic ideals applied to these exact sequences tells us, for h < ∞,
where the last equality follows from Lemma 2.16 (3). We then have 
Proof. We have two exact sequences for
(2.9) From the exact sequence for finite h: 
]-module. Passing to the projective limit with respect to h, the above sequence remains exact for h = ∞ (taking projective limit is an exact functor for compact modules); so, we get an exact sequence for B = Λ ∞ and W :
Since all modules appearing here are A [[Γ] ]-torsion modules of finite type by Theorem 2.13, we again have
This shows the desired result.
We now assume that dim A = 1; so, we have A = R (0) /P ∼ = W for a locally cyclotomic point P . By the assertion (3) of Lemma 2.16, we have L
Taking the Γ-invariant of the first sequence of (2.9) for the base ring B = Λ h (fixed by Γ), we get the following long exact sequence: ; so, we get the following shorter exact sequence (2.13) 0 → (L
Taking B = W , we find that dim F (L The map π is surjective by the second exact sequence of (2.9). Then by the snake lemma, we have the following exact sequence:
Since the number of generators over W of all the terms except for the second left term is bounded independently of h, we find dim F (L 3. An exact limit formula Fix a positive odd integer n. In this section, assuming Conjecture 2.2, we prove exact limit formulas for the first nonvanishing coefficient of the Taylor expansion at s = 1 of L arith p (s, ?) for ? = Ad(ρ n,0 ) and ρ 2m,m with odd 1 ≤ m ≤ n. We continue to assume the five conditions p (n + 1), (red), (ai n,F ), (rm n ) and (ds n,F ) stated at the beginning of the previous section. Here are some remarks:
• Formulas almost identical to the ones in the above theorem and the corollary below (covering more general cases of nonadjoint type) have been proven (with a different set of assumptions) by Greenberg as [Gr] Proposition 4. Our method of proof is different via Galois deformation theory (and infinitesimal p-adic calculus).
• The tame ramification condition (1) (Ad(ρ n,0 ) * ) as already remarked. The reverse direction is Lemma 2.17 (3).
• In [H00] Theorem 6.3 (4), the second assertion is claimed for n = 1 without assuming the condition (2), but the proof there also requires this condition (so omission of the condition (2) there is an error).
Proof. The first assertion T E |Φ arith (T ) of the theorem follows from [Gr] ; so, (3.2) is equivalent to the desired formula by Theorem 1.6, because by (0.1) (and Ad(ρ n,0 ) ∼ = 0<m≤n,m:odd ρ 2m,m ),
up to units for f j = f pj and the ramification index dj fj of p j /p is a p-adic unit under the tame ramification condition.
In the above proof of the evaluation formula of Ψ(0), the assumption (2) is used only at the place where we relate the value Ψ(0) with |M similarly to the proof of Lemma 1.2.
